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SKEW MEAN CURVATURE FLOW 


CHONG SONG, JUN SUN 

IN MEMORY OF PROF. WEI YUE DING 


Abstract. The skew mean curvature flow or binormal flow, which origins from the vortex fila¬ 
ment equation, describes the evolution of a codimension two submanifold along binormal direction. 
We show that by a generalized Hasimoto transformation, the SMGF is equivalent to a non-linear 
Schrodinger system. Moreover, we prove the existence of a local solution to the initial value prob¬ 
lem of the SMCF of surfaces in Euclidean space The key ingredient is a uniform Sobolev-type 
embedding theorem for the second fundamental forms of two dimensional surfaces, which might be 
of independent interest. 


1. Introduction 

The skew mean curvature flow (SMCF) or binormal flow describes the evolution of a codimension 
two submanifold along the binormal direction. More precisely, suppose I C [0, +oo) is an interval, 
S is an n dimensional oriented manifold and (M, g) is an (n + 2) dimensional oriented Riemannian 
manifold. Let F:/xS—)-Mbea family of immersions from S to M. For each t £ I, let H(F) 
denote the mean-curvature vector of the immersion F{t, •) : S —)■ M. There exists a natural almost 
complex structure J on the normal bundle of S, which simply rotates a vector in the normal space 
by 7r/2 positively. We call the rotated vector field J(F’)H(F’) the skew mean curvature vector(or 
binormal vector). Then the SMCF is defined by 

(1-1) ^ = WH(E). 

The SMCF defines a geometric Hamiltonian flow for submanifolds [12]. It is well-known that 
the mean curvature vector field is the gradient of the volume functional. If we regard the space 
of immersions as an infinitely dimensional manifold, which is endowed with a symplectic structure 
induced by the Marsden-Weinstein symplectic form [23], then it is not difficult to see that the 
SMCF is the Hamiltonian flow of the volume functional. See Section [2.II for a detailed explanation. 

The SMCF stems naturally from the research of hydrodynamics and describes the locally induced 
motion of codimension two singular vortices, i.e. vortex membranes. Recall that motion of an 
inviscid incompressible fluid on a Riemannian manifold is governed by the Euler equation which 
has a vorticity form 

( 1 . 2 ) dt^ + L^C = 0. 

Here u is a divergence free vector field, ^ := cur In is the vorticity field and L.^ denotes the Lie 
derivative along v. An elegant insight of V. I. Arnold [2] is that the vorticity can be viewed as 
a 2-form by setting ^ = dv^. This point of view has many unexpected outcomes. In particular, 
in this way the space of vorticities becomes the dual space of the Lie algebra of divergence-free 
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vector fields and possesses a natural Poisson structure. Moreover, the Euler equation defines a 
Hamiltonian evolution on its symplectic leaves. 

However, equation (11.21) is non-local since one has to solve v = curl~^^ to find the velocity. To 
overcome this problem, the localized induction approximation (LI A) makes the assumption that the 
velocity is only induced by local vorticities. By applying the Biot-Savart law and neglecting the 
higher order terms in the Taylor expansion, one obtains the LIA equation for singular supported 
vortices. 

This method was first utilized by Da Rios for one dimensional vortex filament in in 
1906. It was only realized that the LIA works for higher dimensional vortices as well very recently. 
Shashikanth |26j first found the LIA equation of vortices supported on two dimensional surfaces 
in Then Khesin [18] showed that, in Euclidean space of any dimension, the LIA equation of 
codimension two vortex membranes is exactly the SMCE. 

In particular, the classical case of one dimensional SMCE in Euclidean space is known as the 
vortex filament equation, which describes the self-induced motion of a thin vortex tube in a perfect 
fluid. Namely, the vortex filament equation for a time-dependent space curve 7 has the form 

(1-3) da = 75 X 'jss, 

where s is the arc-length parameter and x denote the exterior product in If we denote the 
Erenet frame of 7 by {t, n, b} and its curvature by k, then equation (11.31) is just the one dimensional 
SMCE 

da = kh. 

The vortex filament equation (|1.3I) has been extensively studied by both mathematicians and 
physicians. One of the reasons which makes it so fascinating is that (|1.3I) is equivalent to the cubic 
nonlinear Schrodinger equation. Indeed, by the famous Hasimoto transformation |15] 

^{t, s) = k{t, s) exp i i / T(t,s')ds' 


one can verify that equation (11.31) is equivalent to 


(1.4) 


'so 


1 , 


- i^t = ^ss + X ^ 


It is well-know that ()1.4p is integrable system and admits travelling wave solutions, i.e. solitons. 
This reveals the rich structure of the vortex filament equation. 


m 


The global existence of a solution to the vortex filament equation in the weak sense is obtained 
|24j by method of regularization. The SMCE of a curve in a general three manifold and a surface 
in was studied in m- See also m for a discussion of SMCE from the view of integrable systems. 
On the other hand, there are various evolution equations which are closely related to the vortex 
filament equation. Eor example, the Gauss map of a vortex filament satisfies the Landau-Lifshitz 
equation. A successful and important extension along this vein is the famous Schrodinger flow or 
Schrodinger map, which is has been extensively studied in the last decade, see for example 13 El 
MM- It is also worth mentioning that the singular set of the Gross-Pitaevsky equation evolves 
along the SMCE [T7] . 

The celebrated mean curvature flow (MCF), which is the gradient flow of the volume functional, 
has played a central role in the field of geometric analysis. Although it seems that there is only 
a small difference between the MCE and SMCE, the SMCE turns out to be much more difficult 
to work with than the MCE. Erom the perspective of partial differential equations, this is because 
the MCE is a (degenerate) parabolic system while the SMCE is of Schrodinger type due to the 
skew-symmetric operator J. Although the SMCE seems to be known by quite many researchers in 
the field of geometric analysis, little was known about the behaviour of SMCE and many important 


problems are left open for quite a long time, especially for the higher dimensional case. In fact, the 
basic problem of local well-posedness of SMCF for n >2 remains unknown. 

In this paper, we are mainly concerned on two problems on the SMCF. Namely, the Hasimoto 
transformation of SMCF and the local existence of SMCF. 

Our first goal to generalize the Hasimoto transformation to general SMCFs and try to understand 
the intrinsic structures of the SMCF from the resulting Schrodinger equation. In particular, one 
may ask whether the SMCF is integrable in general |18j . 

By reviewing the classical Hasimoto transformation for vortex filament equation from a geometric 
point of view, we observe that the classical Hasimoto transformation essentially works by rewriting 
the evolution equation of the second fundamental form in a suitable gauge. This requires that there 
exists a global parallel orthonormal frame on the normal bundle, which can always be achieved if 
the base manifold is one dimensional. 

Using this idea, we find that the one dimensional SMCF in a general three manifold M is 
equivalent to the following complex Schrodinger equation 

(1.5) -iTf = ^,, + i|T|2T + IF(|T|)T, 

where VF is a complex valued function involving the curvature of the ambient space M. 

A consequence which follows from (jl.5p and a Strichartz-type estimates is the global existence of 
a solution to the one dimensional SMCF. This was carried out by H. Gomez in his Ph.D. thesis P. 
The same method is also applied to obtain global existence for one dimensional Schrodinger flow, 
see [a [25]. Note that the Strichartz-type esitmate and hence the global existence relies on the fact 
that equation (|1.5p dose not contain first order derivatives of 

For a general SMCF from an n dimensional S with n > 2, one can not expect to find a global 
frame of the normal bundle. Thus we investigate the special case when the normal bundle is 
assumed to be trivial, which includes the important case where B = M”. However, even in such a 
simple case, there dose not exist a global parallel (in the space direction) frame unless the normal 
bundle is flat. Therefore, we switch to the so-called temporal gauge which is parallel in the time 
direction. Then by a generalized Hasimoto transformation in the temporal gauge, we relate the 
coefficients of the second fundamental form to a set of complex functions $ = such 

that if B evolves along the SMCF in the Euclidean space then ‘h satisfies the Schrodinger 

system 

(1.6) - i<h = Ag<l>-h * <1> * <1>. 

Here denotes the covariant Laplacian operator in the normal bundle and * stands for 

multi-linear maps with coefficients involving the induced metric g. 

For a general ambient Riemannian manifold M, the only difference is that some non-linear, yet 
zero order terms involving the curvature of M would emerge in the non-linear part in equation (11.61) . 
The essential difference of the above Schrodinger system (II.6p from the Schrodinger equation (II.5p 
in the one dimensional case is that the Laplacian and the non-linear cubic term involves with 
the induced metric g which is time-dependent. In particular, the covariant Laplacian term Ag$ 
contains the first order derivatives of $. 

Our second goal, which is the main contribution of this paper, is to show the existence of a 
local solution to the SMCF of two dimensional surfaces in the Euclidean space More explicitly, 
suppose B is a two dimensional oriented compact surface and Fq is a smooth immersion from B to 
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We consider the initial value problem 


-- = J(F)H(F), 

4 -) = F.. 


Let Ao denote the second fundamental form of the immersed surface i<o(LI), we can define a 
Sobolev-type norm ||Ao||/f 2.2 by the induced metric (see (14.201) for details). Our main result is 


Theorem 1.1. Suppose Tj is a two dimensional oriented compact surface. For any smooth immer¬ 
sion To : S ^ the SMCF admits a smooth local solution F G C'°°([0, T] x S), where the 
time T only depends on ||Ao||// 2,2 and the volume of Fo{Ti). 


Since the SMCF is a (weakly) Schrodinger type system, there is no standard existence theory 
that we can apply, even after we utilize the De Turck trick. Our strategy is to consider a perturbed 
flow which is (weakly) parabolic, and use the geometric energy method [HI [28], which proved to be 
a powerful tool in treating geometric Hamiltonian flows. More precisely, for a small real number 
e > 0, we will consider the perturbed system 


( 1 . 8 ) 


dF 

— = JH + eH, 
ot 

F(0,-) =Fo. 


The system (II.8p is very similar to the well-studied MCF. A local solution F^ : [0,T£) x S —)• 
can be obtained by applying the DeTurk trick and standard parabolic theories. Then we show that 
Fe converges to a solution of the original SMCF (II.7p as e ^ 0. 

The main difficulty here is to obtain a uniform lower bound for the lifespan and uniform 
estimates of F^ on [0, Tj. Or equivalently, we need a uniform bound on the second fundamental 
form Ag along the perturbed SMCF (ll.8|l . at least for a small time T > 0 and e > 0. In fact, once 
we have a uniform C'^-bound of the second fundamental form A^, the convergence of F^ and the 
existence of a solution to the SMCF (|1.7I) follows from standard arguments, which is analogous to 
the study of MCF by Huisken m and Willmore flow by Kuwert and Schatzle m- 

Our primary observation is the following Sobolev-type embedding theorem for the second fun¬ 
damental forms of surfaces, which might be of independent interest. 


Theorem 1.2. Given positive numbers B and m, there exists a constant depending only 

on B and m, such that for any immersed compact surface C satisfying 


A\\jj 2,2 < B and |S| > m. 


there holds 

\\A\\co < C{B,m). 


The above theorem holds for two dimensional immersed surfaces in any higher dimensional 
Euclidean spaces. The key ingredient of the proof is a blow-up analysis technique (cf. [2T1|T9|) and 
a compactness theorem of surfaces (cf. |22l|3|). See Section ITdl below for more details. 


The rest of the paper is organized as follows. In Section O we show that the SMCF is indeed 
a Hamiltonian system and prove some basic properties of the SMCF. In Section (Sj we first recall 
the classical Hasimoto transformation for vortex filament equation and then generalized it to one 
dimensional SMCF in a manifold and higher dimensional SMCF. Next in Section (H we prove a 
compactness theorem for surfaces and Theorem ll.21 Then in Section [H we apply the approximating 
scheme and study the evolution equations of various geometric quantities under the perturbed 
SMCF (II.8p . Finally, we hnish the proof of Theorem 11.11 in Section [531 
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2. Preliminaries 


2.1. SMCF as Hamiltonian flow. A geometric point of view is to regard the SMCF as a Hamil¬ 
tonian flow in a infinite dimensional symplectic manifold. This is explained in detail in [12] by 
using the language of non-linear Grassmannians. In fact, given a Riemannian manifold, the space 
of co-dimension two submanifolds forms an infinite dimensional symplectic manifold. The induced 
volume of the submanifolds defines a function on the symplectic manifold and its Hamiltonian 
equation is exactly the SMCF. 

More precisely, suppose S is an n dimensional manifold and (M, g) is an (n -|- 2) dimensional 
Riemannian manifold. Let Imm(S,M) denote the space of smooth immersions from S into M 
and X := Imm(S,M)/ ~ be its quotient space by identifying immersions with same image. For 
each immersion F S X, denote the normal bundle of F(S) by J\f and the pull-back metric on S by 
g := F*g. Then the tangent space of X at F can naturally be identified with the space of smooth 
sections of the normal bundle F*M. 

Given a volume form dp, on M, we have a natural symplectic structure, first discovered by 
Marsden and Weinstein [23] for n = 1, on X defined by 

Q.{V,W)= / iFpv)iFpw)dp 

Jf(t,) 

for any V, VF G TjpL which are just sections of the normal bundle F*AA. Thus we get an inhnite 
dimensional symplectic manifold (X, H). 

Since there is a Riemannian metric g on M, we have a symplectic structure on X dehned as above 
using the volume form dp induced by g. Similar, we also have an induced metric G on X given by 


G{V,W)= [ g{F,{V),F,iW))dg, 

Jf{s) 

where dg, is the volume form of the restricted metric on F(S). On the other hand, there is a 
complex structure J on the normal bundle which simply rotate a vector positively by 7r/2 in each 
fiber. Thus we also have a complex structure J on X. More importantly, the symplectic structure 
H, the metric G and the complex structure are compatible, i.e. 


n{V,W) =G{V,JW). 


Now the induce volume on S defines a function on X by 

r(F) := [ dg. 

It is well-known that the mean curvature is the gradient vector field of F in this setting. Thus the 
SMGF is just the Hamiltonian flow of the volume function F in the symplectic manifold (X, H). 


2.2. The principal symbol of SMCF. Although it appears at first glance that there is only 
a tiny difference between the SMCF and the well-known MCF, which comes from the complex 
structure J, the behaviour of SMCF is totally different from that of MCF. In fact, the SMCF 
is no longer a (degenerate) parabolic-type equation, but a Schrodinger -type equation since J is 
skew-symmetric. Here we compute the principal symbol of SMCF in Euclidean space to illustrate 
the Schrodinger nature of SMCF. The general case is essentially the same. 

For an immersion F : S —)• we have 

AsF = H, 
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where As is the Laplace operator on T, of the induced metric. By definition, in local coordinate, 
the induced metric is given by 

dF dF' 


9ij — 


dxi ’ 


Here, (•,•) is the inner product in Suppose the standard coordinate on is given by 

Let (g^^) be the inverse matrix of {gij). Then the Christofell symbol of the induced 

metric is 




— _ ^9ij 

\ dxj dxi 


= 2^ 


dxi 


Thus we have that 


( 2 . 1 ) 


= 9 




= 9^^ 


kl 


d2FP dF^ 


dxidxj dxi 

52 


dxidxj 

dxjdxn 


_ -pk 


9F" 
dxk 




q2f9 dF^ dF^ 
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dxidxj dxi dxk 

Denote P{F) = JH = JA-^F, then from (12.ip . we see that the SMCF (II.ip is a quasilinear system. 
The linearization operator of P at F is given by 

d'^G / d'^G dF\ dF 


D{P){F)G = Jg^= 
The principal symbol is 


dxidxi 
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dxidxj ’ dxi / dxk 


—— ) TT— ) + first order terms. 


a(D(P))(x,i)a = 


dF \ 
dxi) 
dF\ dF 


(2.2) = |f|O(G-0’') = |{|OG^. 

where G is an any vector in and G'^ are the tangent part and the normal part of G on 

S. Then we have 

{a{D{P)){x,OG,G) = (|e|VG^,G) = (JG^, G^) = 0, 

where we have used the fact that J is an isomorphism from AS to AS. Thus the principal symbol 
of P is skew-symmetric. In particular, the SMCF is a (degenerate) Schrodinger type non-linear 
partial differential equation. 


2.3. Basic properties of SMCF. In this subsection we show two basic properties of SMCF. Note 
that these properties hold in arbitrary ambient Riemannian manifold {M,g). For simplicity, we 
denote the inner product induced by g by (•,•) and the corresponding Levi-Civita connection on 
M by V. 

Lemma 2.1. The induced volume form is preserved under the SMCF. In particular, for a compact 
manifold, the volume is preserved under the SMCF. 

Proof. We prove it pointwise so that we can take normal coordinate around a point x € S. The 
induced metric is given by 


dF dF 














Since = 0, it follows that 

\ * ’ dxj / ~*~ \ dxi ’ ^ dt / 

/ dF — dF\ 

= -2(^,V.-) = -2(JH,A(e.e,)). 

Denoting d/i the induced volume form on S, then it is known that 

O 1 

= 29^'^t9kldlJi = - (JH,H) = 0. 

This shows that the volume form d^, and hence the volume Vol(S) := is preserved under the 

SMCF. □ 

Since the metric on an one dimensional manifold is completely decided by its volume form, we 
have 

Lemma 2.2. The induced metrie is preserved under the 1 dimensional SMCF. 

The next lemma is crucial for the calculations of evolution equations of SMCF. 

Lemma 2.3. The complex structure is parallel w.r.t. the normal connection, i.e. VJ = 0. 

Proof. It suffices to show that for any locally supported unit normal vector field V in the normal 
bundle, we have 

JVV = VJV, 

where V is the induced connection in the normal bundle. Set W = JV so that V = — JW, then 
{V, W} forms a local orthonormal frame. Therefore, for any X G r(/ x S), we have 

JVxV = J(VxV)^ 

= J ((VxV, V) V + (Vx V, W> W) 

= -(VxV,W)V, 

and 

Vx(JV) = VxW = (VxW)^ 

= (VxW, V) V + (VxW, W) W 
= -(VxV,W)V. 

This proves the lemma. □ 

In particular. Lemma 12.31 shows that the complex structure is parallel along the time direction. 

3. Hasimoto Transformation 

3.1. Vortex filament equation. The so-called Hasimoto transformation, which was first discov¬ 
ered by Hasimoto in m, is a beautiful transformation which relates the vortex filament equation 
with a cubic Schrodinger equation. It reveals the hidden intrinsic structure of the vortex filament 
equation, i.e. the 1 dimensional SMCF in In this subsection, we review the classical Hasimoto 
transformation from a more geometric view that is readily to be generalized to 1 dimensional SMCF 
in a three manifold. 

Let 7 : X [0, T) —^ be a curve involving by the vortex filament equation 

(3.1) 


= 7s X 7ss 

7 


where s is the arc-length parameter. Note that by Lemma 12.21 if s is the arc-length parameter at 
t = 0, then s is arc-length parameter for all time t > 0. Differentiating (13.11) by s, one easily finds 
that 7 s satisfies 


(3.2) 


d 

= Is X Isss- 


Denote the normal connection on iVy by Vs := (Vs)"*" and the complex structure on iVy by J. 
Then (13.21) can be written as 

d 

— '^Vsyss- 

Differentiating the above equation again and using Lemma 12.31 we get 
(3.3) Vtyss = J^llss 


where Vt = (^)'*" denotes the projection on the normal bundle A^y. 

Equation (13.31) can be regarded as the evolution equation of the mean curvature vector held yss, 
which is a section on the normal bundle A^y. It can be written more explicitly in a suitable moving 
frame. Recall that there is a natural Frenet frame {t,n, b} along the curve which satishes 


(3.4) 



k 0 

0 r 
—r 0 


t 

n 

b 


Here {n, b} forms an orthnomal frame of the normal bundle A^y. The normal connection on the 
normal bundle is given by 

VsH = rb, Vsb = —rn. 


If we write 


V — d Ads 


in this frame, then the connection matrix is given by 

0 


A = 


T 

— T 0 


Thus the torsion r corresponds to the connection of normal connection V in the Frenet frame. 
Since the bundle Nj is trivial (and the curvature vanishes), we can choose a Coulumb gauge of 
Nj globally, such that the torsion vanishes, i.e. the connection form A = 0. Indeed, we may let 
4> = Jq rds' and rotate {n,b} by angle —cj) to get 

J Ni = cos 0 • n — sin 0 • b 
1 N 2 = sin (/) • n-|-cos 0 • b. 

Then one readily checks that {Ni,N 2 } forms a parallel frame on the bundle such that 


VgNi — VsN2 — 0, 


Using the parallel frame, we can define the famous Hasimoto transformation which converts a 
normal vector field V = uiNi -|- U 2 N 2 G r(A^y) to a complex function by letting 

HT(V) = ui + iv2. 

In particular, we may identify the mean curvature vector held with a complex function. More 
specihcally, in this frame we have 


y<js = A:n = k cos (p ■ Ni + k sin cp ■ N 2 ■ 

Then the Hasimoto transformation is given by 

<l>(s, t) := HT(ys 5 ) = = k cos (p + i ■ k sin (p. 


If we denote = k cos cj), = k sin (p, then equation (|3.3p becomes 

(3.5) ajNi + aViNi = JN^ 

Since JNi = N 2 , JN 2 = —Ni and (VtNj,Nj) = 0, we get 

al =-aL-a 2 (VtN 2 ,Ni) 
a? =aL-aHVtNi,N 2 ). 

Then we can rewrite (13.51) as a complex equation for and readily checks that satisfies the cubic 
Schrodinger equation 

1 , ,2 

Remark 3.1. The advantage of the parallel frame is that the spacial derivative VgNi vanishes. 
However, since these frames are time-dependent, we have to compute VtHfi as we will do in the 
next subsection. 

3.2. SMCF in three manifolds. Next we apply the Hasimoto transformation to 1 dimensional 
SMCF in a general three dimensional complete Riemann manifold and derive the corresponding 
Schrodinger equation. 

Let (M, g) be a three manifold with Riemann metric g and curvature tensor R. Let ^{t, s) : 
[0, T) X M —)• be a solution to the SMCF. Note that we may choose s to be the arc-length 
parameter for all time t £ [0, T). Moreover, we denote the connection in M by V and the normal 
connection on the normal bundle by V. Similar to the Euclidean case, there exists a Frenet 
frame {t, n, b} along the curve such that 1 = 7 ^ and the frame satisfies equation (I3.4jl . To perform 
the Hasimoto transform, we denote T := 7 ^ = t and fix an orthogonal frame {Ni,N 2 } at s = 0 
such that 

(3.6) JNi = N 2 , JN 2 =-Ni. 

Again since the normal bundle on 7 is trivial, we may extend the frame all over 7 by parallel 
transportation such that 

V<;Nj = 0 , i = 1 , 2 . 

Note that the complex structure J is also parallel by Lemma (2.31 Therefore (13.6p holds everywhere 
and {T, Ni, N 2 } forms an orthogonal normal frame along 7 . For convenience, we adopt the notation 

JNi = Nj,i = 1,2. 

Suppose Vs 7 s = /cn =: a*Nj under the new frame {Ni, N 2 }, where k is the curvature of 7 and a* 
is a function depending on t and s. Here we assume that k ^ 0 everywhere. Then (a^)^-l-(a^)^ = k'^ 
and the SMCF is simply 

(3.7) 7t = J^s7s = aVN, = a*N.. 

Since = 1, we have Vs 7 sT 7 s and Vt 7 sT 7 <j. Hence 

(3.8) Vs7s = Vs7s = a*Ni. 

Differentiating equation (j3.7p . we get 

V, 7 t = V,(a‘N.) 
a^j + cdVgN.=a^j. 

V.Vn. = V,(a*N.) = aLN.. 
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(3.9) 


Vt75 = 


Differentiating again, we get 
(3.10) 


Since we don’t know how to exchange derivatives of the normal connection, we have to turn to the 
total connection V of the ambient space. Note that R{'ys,'yt)'ys-^^s, so that we have 


(3.11) 


= (vtVs-fs + R{js,ith^ 
= VtVsjs + R{'is,iths- 


Combining (13.81) . (I3.10p and (13.111) . we obtain 

, , VtV,7, = Vi(a*Ni) = alNi + a*VtN, 

(3.12 . 

= aLNi-a*i2(T,N.)T. 

Next we show how to calculate V^Nj. First note that since |Nj| = 1, we have (VjNjjNj) = 0. 
On the other hand, since (Ni,N 2 ) = 0, we have (VtNi,N 2 ) = — (Ni, VfN 2 ). Thus we may define 
a function b := (VtNi,N 2 ) such that VtNj = 6N^ for i = 1,2. Then equation (13.121) becomes 

(3.13) a)Ni = - a*«(T, Nj)T. 

To find the function b, we hrst compute its derivative bg by 

bs = ds{VtNi,N2) 

^3 = (V.VfNi,N2> + (ViNi, V.N2> 

= (ViV,Ni,N2> + (VjNi, V,N2> + (7?(7„7i)Ni,N2) 

= / + // + III. 


For the hrst term, we have 

/ = (VtV,Ni,N 2 > 

= (Vt((V,Ni,T) T),N2> 

= ((V,Ni,T>VtT,N 2 ) 

= -(Ni,V,T)-(N2,VtT). 

Similarly for the second term, we have 

//= (ViNi,V,N 2 ) 

= (ViNi,(V,N2,T)T> 

= (V,N 2 ,T>(ViNi,T) 

= (N 2 ,V,T)-(Ni,V 4 T>. 


Recall that we have by (13.91) 


and bv (l3.8l) 


It follows that 
(3.15) 


ViT = ViT = alN. 
V,T = V,T = a*Ni. 


As for the third term in (|3.14p . since 74 = = kh where k is the curvature and b is the binormal 

vector, it is obvious that 


III = ^R(T,a^Nj)Ni,N2^ = A:R(t, b, n, b). 
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(3.16) 










Inserting (13.151) and (I3.16P into (13.141) . we obtain 

bs = + fe^(t,b,n,b). 

A simple integration yields 

(3.17) 6 =+ A(t) + J kR{t,h,n,h)ds', 
where A{t) is a function only depending on t. 

Now apply the Hasimoto transformation and set ^{s,t) = HT(Vs 7 s) = + ia^. Note that 

14)I = k. From (13.131) and (13.171) . it is easy to check that satisfies the equation 

(3.18) - i$t = + ^|4>|24> - A(t)$ + iy(|^>|)4>, 

where kF(|<l>|) is a complex valued function given by 

VF(|<h|) = — f |$|i2(t, b, n, b)ds' + i?(t, b, t, b) — ii?(t, b, t, n). 

J So 

The term —A{t)^ can be eliminated by setting ^ • exp(i J^A{t)). Indeed, (|3.18l) is equivalent 

to 

(3.19) -i^'i = T,, + i|T|2^r + VF(|T|)^'. 

If the sectional curvature of the ambient space is bounded by some constant K, then 

| 1 F(|T|)| < K{V2+ j kds'). 

3.3. General case. From the discussions in previous subsections, we see that the so-called Hasi¬ 
moto transformation essentially evolves hnding a suitable global frame (or gauge) of the normal 
bundle, which is parallel in the space direction, and then expressing the evolution equation of the 
mean curvature (or the second fundamental form in higher dimensional case) in the chosen frame. 
This can always be achieved in the one dimensional case since in this case the normal bundle is 
always flat. For the higher dimensional SMCF, however, there is generally no analogous Hasimoto 
transformation that can transform the SMCF to a simple Schrodinger equation. The problem is 
that there is no global frames on the normal bundle unless additional assumptions are proposed. 
Generally speaking, we can only choose some special frame locally and the best gauge one can 
expect is the Coulomb gauge, which dose not help much for the Hasimoto transformation. 

Nevertheless, we illustrate here an analogous Hasimoto transformation in high dimensional case 
here for a special case. Suppose F : I x TA —>• M is a solution to the SMCF. The additional 
assumption we need is that the normal bundle NTi is trivial (or parallelizable) such that there 
exists a global orthonormal frame {r'^+i, t'„_|_ 2 } on the normal bundle. For example, if the base 
manifold S is M”, then this requirement is satished. 

As we already mentioned. The key ingredient of Hasimoto transformation is to write the evolution 
equation of the second fundamental form in a properly chosen orthogonal frame. Our observation 
is that although the frame can not be expected to be parallel in the space direction, we can always 
choose them to be parallel along the time direction, i.e. the so-called temporal gauge. 

More explicitly, the pull-back bundle F*TM which is defined on / x S splits in an obvious way 
into the ’’spacial” subbundle R and the normal subbundle M. Suppose {ei, • • • , e^, t'n+i; t^n+ 2 } is 
a global fame on F*TM, such that {ei, • • • , e„} is an orthonormal frame of R and {vn+i, Vn+ 2 } is 
an orthonormal frame of N. We propose the temporal gauge hxing condition 

t'a = 0, 1 < i, j < n, a G {n -|- 1, n -|- 2}, 
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where and V'^ stands for the induced connections on the H and J\f respectively. The point is 
that the induced metric g on the tangent bundle and g-^ on the normal bundle are both parallel 
along the time direction, i.e. Vtg = = 0. Thus {ei,--- , en, t'n+i) t'n+ 2 } remains to be an 

orthonormal frame for all time t £ I. Moreover, the complex structure J on the normal bundle is 
also parallel along the time direction, i.e. VtJ = 0 by Lemma 12.31 In particular, we always have 
for all time t £ I 

Jl^n+l — l^n+2) J^n+2 — ^n+1- 

Denote the second fundamental form by A and its coefficients under the temporal gauge by 
where 1 < i, j < n and a G {n + 1, n + 2}. Hence the mean curvature is H := trgA. Moreover, we 
denote by Ag = trgS/‘^ the covariant Laplacian operator in the normal bundle and 

{AgA)ij = Ag/l”+V„+l + Agh^^‘^l'n + 2- 

Then we define a set of complex functions d> = {4>ij} by the Hasimoto transformation 

:=HT(A,,) = h^+i+i.h"+ 2 . 

Using the parallel properties of the frame, it is not difficult to derive the evolution equation for A 
and hence obtain a Schrodinger equation for 

Here we also assume that the ambient space is to simplify the structure of the resulting 

Schrodinger equation. The following result is a direct corollary of Lemma 15.31 below and we omit 
the proof here. Note that for a general Riemannian manifold M, the only difference is that some 
non-linear, yet zero order terms involving the curvature of M would immerse in the non-linear part, 
just as we exhibited in the last subsection for the 1 dimensional case. 

Lemma 3.2. Along the SMCF in the second fundamental form under the temporal gauge 

satisfies 



In particular, the complex functions $ satisfies a Schrodinger system 
(3.20) - = Ag^ 

where * denotes multi-linear maps with coefficients involving the metric g. 

The essential difference between the above Schrodinger equation we obtained for the high di¬ 
mension case and the standard cubic Schrodinger equation in the 1 dimensional case is that (|3.20p 
is a system of n x n complex functions {fiij} instead of a single equation. Moreover, the Laplacian 
and the non-linear cubic term involves with the induced metric g which is time-dependent. It is 
worthy to point out that the covariant Laplacian Ag generally involves the first order derivatives of 
<I>. In order to eliminate the first order derivatives, one may hope that the frame are 

parallel such that Ag reduces to the usual Laplacian for functions. This requires that the normal 
bundle is flat. i.e. the normal curvature vanishes everywhere. However, even if we assume that 
the normal bundle is flat for the initial time t = 0, it is not known whether the flatness could be 
preserved along the SMCF. 
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4. Estimate of the Second Fundamental Form 


4.1. Estimates for graphs. In this section, we consider a graph in (n + m)-dimensional Euclidean 
space defined on a n-dimensional domain. The constants emerge in the calculations may depend 
on the dimension but we will not stress it since n and m are always fixed in the application. 

Let u : n C M” —)• be a smooth function, where 14 is a bounded domain on M”. Then the 
parametrization of the graph of tt, S := Graph{u), can be represented as 

F{xi, ■■■ ,Xn) = (xi, ■ ■ ■ ,Xn,Ui{xi, ■ ■ ■ ,X„), • • • ,Um{xi, ■ ■ ■ ,Xn)). 

From now on, we will agree on the following index ranges 

^ < n, 1 < a,/ 3,7 < m. 


Denote the the partial derivative of u by DiU := Dx^u. It is easy to see that a basis of the tangent 
space TS of S can be given by 

OF 

(4.1) Ci = — = (0, ••• ,0,^^,0, ••• ,0, Am), 

i 

while a basis of the normal space NF, of S can be given by 

Va = {-Dua,0, • • • , 0 ,^^^, 0 , • • • , 0 ). 

n+a 


By (|4.1I) . the induced metric on TS is given by 

(4.2) gij = (cj, ej) = 6ij + (Am, Dju) . 

Here and in the sequel, we will always use (•, •) to denote various metrics on M”, and S 

without any confusion. Similarly, the induced metric on NTi is given by 

(4.3) ga0 = {l^a, Vp) = 6al3 + {DUa, Du/s) . 

We will also use {g^^) and ( 5 “^) to denote the inverse matrix of {gij) and {gap), respectively. Since 

d^F / 

dxidxj V ’ ’ ’ dxidxj ’ ’ dxidxj 



the second fundamental form of S is given by 

d'^F 


A{ei,ej) = 


dxidxn 




d^F \ 

dxidxj ’ ‘ 


r.'yP 


dxidxj 


Therefore, the component of the second fundamental form is 

d'^Un 


(4.4) 


— {A{Ci,Cj),h'a) — 


dxidxj 


In the following we will use | • | to denote the standard Euclidean metric and | • | 
induced metric on S. From (j4.2l) . we can easily see that the eigenvalues {Aj}i<j<,i 

(4.5) 1 < Xi <l + \Du\‘^. 

Similarly, the eigenvalues {Ha}i<a<m of {gap) satisfy 

1 < fio < 1 + iDrtp. 

Therefore, the eigenvalues of {g^^) and ( 5 “^) can be bounded by 

1 1 


(4.6) 


1 + \Du\ 


2 < 


l + \Du\^ 


< < 1 - 


g to denote the 
of {gij) satisfy 
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The next lemma (see also m. [3], a) follows easily from (14.61) and the fact that 


I A|2 = = g^^g^^g^^ 


d'^Ury 


up 


dxidxj dxkdxi 


Lemma 4.1. Let u : Ll C M” 
(4.7) 


be a C"^ function. Then we have 

A\l < < {1 + \Du\'^f\A\l. 


In order to estimate |VA|^ and higher order derivatives, we first need to compute the Christoffel 
symbols of the tangent bundle TS and normal bundle AS. We will use V to denote the Levi-Civita 
connection on M"'”*'™', while V the induced connection on S. By dehnition, the Christoffel symbols 
are given by 


VeiCj — (Ve^ej) — Tj^jCk, ^ ei^a) — ^ia^p- 


.h 


Since 

we have 
(4.8) 

Similarly, since 


(VeAi)^ = 


d^F 


= g 


kl 


52 F 

dxidxj 


dxidxj 

rf,. = {DijU,Diu)=g 


,ei)ek = {DijU, Diu) Ck, 


khr, n..\ M 


(VeF«)^ = 


A 

dxi 

P'r 


52 


Un 


dxidxj dxi 


dh 


= 9 


= 9^^ 




Un 


dxidxi ’ ’ dxidx, 

d‘^u. 


,0 




dxidxi ’ 


dxidx. 


-,0, ••• ,0] ,iyy)up 


d‘^Ua dUy 

dxidxk dxk 


t^p, 


we have 
(4.9) 


^ P'r_9‘^Ua du^ 


dxidxk dxk 

For simplicity, we may define a vector F in some Euclidean space with components given by all 
and F^^. Similarly, we will also treat V^A,D^u and D^g~^ as vectors in (probably different 
dimensional) Euclidean spaces. In particular, we still use | • | to denote their norms in corresponding 
Euclidean spaces. Then we can simply write (j4.4p as A = D‘^u and rewrite (j4.8p and (j4.9p as 

(4.10) T = D^u * Du * g~^, 

where * denotes multiple linear combinations of components of the vectors. It follows from (14.Op 
that 


(4.11) 


|r| < C\D^u\ ■ \Du\. 


Lemma 4.2. There exists a constant C such that 












Proof. By definition, we have 

(4.12) |VA|2 = Kij,khppg,ig'W'^g’^^g‘^^ 

where h^ij^k stands for the A:-th covariant derivative of h^ij^ i.e. 

u _ ^ho^ij ^ ^ ^ ^ ^ 

'^aij,k ' -*- ki ^Oilj ' ^ kj ^olU “t r ka ^l^'^j’ 

Using our convention, we may simply write 


(4.13) 


VA = DA + r * A = D'^u + r * D^u. 


By (I4.12P and (14.6p . we have 


and 


VA|g < |VA| < +C'|r| • \D^u\, 

1 _ 1 


|VAL > --1--^|VA| > 

' “ (1 + |U)u|2)2' 


D^u\ -C|r| • \D^u\ 


{l + \Du\^Y 

Then the lemma follows from (j4.1ip and Lemma 14.11 easily. 

In order to compute higher order derivatives, we first note that from (14.2p . 

dgij _ d'^Ua dua , d'^Ua duc 


dxk dxkdxi dxj dxkdxj dxi 


which implies 

dxk 

Similarly, from (|4.3p . we have 




d‘^Un dUn d'^Ua OUa 


+ 


dxkdxp dxq dxkdxq dxp 


dgafi _ d'^Ua dup ^ d'^up duo 


dxk dxkdxi dxi dxkdxi dxi ’ 


which implies 


dg^P 


= 


f d'^Ury dus d'^us du.yPi 

\dxkdxi dxi dxkdxi dxi J 


dxk 

Equivalently, we may write 
(4.14) 

Lemma 4.3. There exists a constant Ck depending on k, such that 


Dg ^ = D^u*Du*g ^*g 


(4.15) 

and 


\V^A\g < 


\D^+\\ + Pk{\Du\) \dA+\\ ... 


+L 


□ 


(4.16) \D'^+\\ < {I + \Du\‘^) — \V’^ A\g + Pk{\Du\)Y\D^"^^u\ ■ ■ ■ 

where Pk is a polynomial depending on k and the summations are taken over all indices {ji, ■ ■ ■ ,js) 
satisfying 

(4.17) ji > J2 • • • > js, k>ji> 1, ji +j2-\ - js = k + 1. 

Proof. We prove the lemma by induction. The case k = 0 and k = 1 has already been proved in 
Lemma l4.1l and Lemma 14.21 respectively. For k >2, hrst note that 

From (14.60 . we see that 


(4.18) 


k+3 , 


iV'^AIg < IV'^AI < (1 + \Du\^) — \V^A\g. 
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It suffices to estimate IV^AI. Since 


h 


otpiP2,h---ik 


d 


dXi, 




*fcc 

k-1 


+rij.p2^opir,ii--'4_i + 7 Sihis^' 


S =1 


we get 


(4.19) 


V^A = DV^-^A + T* V^-^A. 


Using (14.131) and (14.191) . we can verify by induction that 

V^A = D'^+^u + Pk{g~^,Du, D'^u, • • • , D’^+^u). 
where are multiple linear form given by 


Pj^ = g ^ Jn ... g Pii * . . . Pu * * ■ ■ ■ * 

'' -V-^ '--■-^ 

k 

with the summation taken over indices satisfying (I4.17h . Therefore, there exists a polynomial Pk 
depending only on k, snch that 


\Pk\ < Pk{\Du\) Y ,• • • \Di^+^u\. 

Now ()4.15l) and (j4.16p follows from (j4.18ll . □ 


Given a graph S represented by a function u : Dr —)■ where Dr C M"" is a disk centered at 

the origin with radius r > 0. By (I13D, we may identify A = D‘^u. For any non-negative integer k 
and positive number p, there is a usual Sobolev norm of the Hession D^u given by 

k 

Y\D^DW^gdx 

1=0 

On the other hand, we can define a Sobolev-type norm of A by 

( k 

1=0 

In particular, we have ||A||lp := ||A||j:^o,p. 

The next lemma shows that if |Zltt| is bounded, then the Sobolev norms of A can be bounded 
by the usual Sobolev norms of the Hessian D^u. The proof of the lemma follows closely that of 
Lemma 2.2 in [9]. 

Lemma 4.4. Let r > 0,a > 0, (3 > 0 be positive numbers. Suppose Tj is a smooth graph represented 
by u : Dr G M? ^ M™' with \Du\ < a, then for any k >0, 

k+l 

(4.21) ||A||j|^fc,2 < C y ^ 

S=1 





where the constant C depends on r, a and k. 
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Proof. For convenience, set a := D^u. Then the inequality (|4.15p can be written as 

iV'^AIg < \D^a\ + Pk{\Du\) 

where the summation is taken over all indices satisfying (|4.17l) . Since \Du\ < a, we may integrate 
to get 


(4.22) 


IV^AI 


L 2 < 




L2 


+ CY\\\D^^ 


- 1 , 


(7 


\D^' 


.- 1 , 


(7 


Il2 


where C depends on k and a. For the second term in the last inequality, we may apply Holder’s 
inequality to get 

(4.23) < \\D^^-^a\\L<^,---\\D^^-^a\\L.s, 

where the numbers qi, - ■ ■ Qs satisfies 

1 1 1 

- 1 -H-— 

qi Qs 2 

We claim that the numbers can be chosen such that there exists < a* < 1 satisfying the 
equality 


(4.24) 


1 ?i — 1 /I k. , ,1 

— = - -h ad-) + (1 - ai)-. 

q ^ 2 *4 2 ^ ^ *^2 


If the claim is true, then we can apply the Gagliardo-Nirenberg interpolation inequality(see for 
example m, page 27, Theorem 10.1) to a to get 

(4.25) < C'||cr||^fc^ 2 lk||^ 2 “' < C\\a\\y^k,2 

where the constant C depends on r, k, ji and q^. Combining (j4.22p . (14.231) and (I4.25p . we see that 
p4.2ip follows easily. 

The proof of the above claim is a simple calculation and we refer to [9], page 1452. □ 


4.2. Compactness results for surfaces. Next, we restrict ourselves to the case of codimension 
two surfaces in i.e. the case n = m = 2. We first show that in this case, the opposite of 
Lemma oi is also correct. Namely, if in addition \D'^u\ is bounded, then the Sobolev norms of A 
and D^u are equivalent. 

Lemma 4.5. Let r > 0, a > 0, /3 > 0 be positive numbers. Suppose Ti is a smooth graph represented 
by u : Dr C ^ M”* with \Du\ < a and \D'^u\ < /3, then for any A: > 0, 

k 

(4.26) II D‘^u\\lYk,2 < cEMii 

s=l 

where the constant C depends on r, a, /3 and k. 

Proof. We will prove (j4.26p by induction. As before, we set <7 := D‘^u. 

The case k = 0 follows directly from (14. 5 p and (j4.7p . i.e., 

(4.27) 11^11^2 <Co||A||i2. 

By our assumption and Lemma 14.21 we have 

|Z)a| <C(|VA|3 + |A|g). 

Thus the case A: = 1 also holds true. 

Now assume by induction that (|4.26p holds for any A: > 1. To prove the lemma, it suffices to 
estimate ||D^+^i7||x,2 in terms of || A||^i;+i, 2 . 
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Recall that by (I4.16p . we have 

(4.28) ||Z)^+V|U2 < C||V'=+^A||i2 +C^|||D^i-V| ••• , 

where the summations are taken over all indices (ji, ■ ■ ■ ,js) satisfying 

(4.29) ji>j2--->js, k + l> ji > 1, ji + j2 H- js = k + 2. 

To estimate the second term in the right hand side of (I4.28|) . we consider two cases: 

Case 1: ji = k + 1: In this case, by (|4.29l) . it obvious that s = 2 and j 2 = 1- Then the term is 
simply bounded by 


|T»V| • kl 


Ik 


L 2 


^ ||o'|Roo 


\D^a\\L2 < /3C^||A| 


s 

Hk,2, 


S = l 


where the last inequality used the induction assumption. 

Case 2: ji < k + 1: In this case, by (|4.29p . we have 1 < ji < k for any 1 < i < s. Applying 
Holder’s inequality, we get 


(4.30) 


where the numbers qi, ■ ■ ■ Qs G [2, oo] satishes 

1 


(4.31) 


1 1 

_l-_|-_ 

qi qs 2 


Then we can hnd number a, decided by the following equality 
(4.32) 


1 ji — 1 A k, , ,1 ji — kui 

— = - -h ai( -) + (1 - Oi)- = - - 

qi 2 A 2^ ^ A 2 


Since 2 < qi < +oo, one can easily verify that < a* < 1- Therefore, we may apply the 
Gagliardo-Nirenberg interpolation inequality(see for example |10j . page 27, Theorem 10.1) to a to 
get 

(4-33) < C'||cr||^fc,2||c7||^2“' 

where the constant C depends on r, k, ji and qi. Putting (I4.33P into (|4.30l) yields 

By (|4.31l) and (I4.32p . it is easy to see that 

i i 

Since 2<s</c + 2, it follows 

(4.34) < (-||^ 

Combining (j4.28l) and (j4.34p . and noting that 

\W\\l^ < Ill'll 1^00 |T>r-| 2 < (3\Arr, 

we get 

< C'||V'=+^A||i2 TC'llall^i- 

Using the induction assumption, we conclude that (I4.26P holds for k + 1 and the lemma follows. □ 


Wk, 2 \\^\\L 2 


Then following hanger [22], we can prove the following compactness theorem. 
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Theorem 4.6. Given a compact two dimensional surface S, an integer k > 1 and constants 
j3,A,V > 0 , let M. he the set of immersions F : S —)• satisfying ||A||ioo < fj, ||A||j|^fc ,2 < A, 

voI{Tj) < V and 0 G F{T,). Then for any sequence Fi in M., there exists a sequence of diffeomor- 
phisms (fi on S, such that Fiocfi sub-converges in weakly and (7^’“ strongly to an immersion 

Foo G M., where 0 < a < 1. 

There is also a localized version of the above theorem which is useful in blow-up analysis. 


Theorem 4.7. Given a compact two dimensional surface S, an integer k > 1 and constants 
I3,A,V{R) > 0 where V{R) depends on R, let F* : S —)• 6 e a sequence of immersions satisfying 

P, < A, 0 G Fi(Ti) and 

uo/(Si(F)) < C{R) 

where T,i{R) = Sj n B{R) is the portion of the immersed surface Sj := Fj(S) bounded in the 
Euclidean ball of radius R. Then there exists a surface S without boundary, an immersion F^o ■ 
S —>• and a sequence of diffeomorphisms (fi, such that Fiocfi sub-converges to F on any compact 
subset o/S in weakly and strongly, where 0 < a < 1. Flere (fi'.Ui^ F“^(Sj(i2)) are 

defined on open sets Ui CT, where Ui CC f/j+i and S = UfTiUi. 

For simplicity, we say that F converges to Fo weakly in VF^"’“^’^-topology and strongly in 
topology to Fo in Theorem l4.6l and Fi converges locally to Fo in the same topology in Theorem l4.7l 
respectively. 

To prove the above theorems, one first view the surface as a system of graphs defined locally on 
the tangent spaces. Since the second fundamental forms has uniform upper bounds, it follows from 
a theorem of hanger [22] that there exists a uniform pair of number r > 0 and a > 0, such that 
each Sj is a (r, Q;)-immersion. Namely, for any point y G Sj, there is a neighborhood of y which 
can be represented by a graph u : Dr such that \Du\ < a. On each disk Dr, we can apply 

Lemma [4.5l to find that u has uniformly bounded VF^'’'^’^-norms in terms of ||A||j|^fc, 2 . Therefore, the 
graphs converge weakly in W^~^'^'‘^{Dr) and strongly in C^’°‘{Dr). Next, we can patch the system 
of graphs together to construct the limit immersed surface. Here we omit the details and refer the 
readers to Breuning’s paper [3] for a proof. 


4.3. Uniform estimate for second fundamental form. Recall that in [9], Ding and Wang 
generalized the classical Gagliardo-Nirenberg interpolation inequality to sections of vector bundles. 
In particular, if we regard the second fundamental form A as a section of the bundle r*S ( 8 ) ( 8 ) 

AS, then it follows from [9] that an interpolation inequality holds for A. However, if the metric of 
the underlying manifold is varying, which is the case of SMCF, the Sobolev constant will vary. 

Here we use blow up techniques to establish a uniform embedding theorem for A under suitable 
assumptions, which will play a crucial role in the proof of our main theorem 11.11 The blow up 
techniques applied here is analogous to the one used in the study of Willmore surfaces, see for 
example m [i9|. From now on, we simply denote the induced volume of S by |S| := Vol(S). 


Theorem 4.8. Given positive numbers B and m, there exists a constant C{B,m) such that for 
any immersed compact surface S^ C satisfying 

||A||ji^ 2,2 < B and |S| > m, 


there holds 

II A||co < C{B, m). 


Proof. We argue by contradiction and apply a blowing-up technique following Section 4 of m- 
Suppose the theorem is false. Then there exists a sequence of compact surfaces C with 
||Afc||^ 2,2 < B and |Sfc| > m such that limfc_j.oo ||Afc||(^o = -|-oo. We are going to show that this is 
impossible by using blow-up analysis. 
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Since is compact, ||Afc||c-o is attained at some point yk G such that 

|Afc(yfc)| = max |Afc(y)|. 

Denote ■= l/|Afc(yfc)|. Then limfc_,.oorfc = 0. Thus we can define a sequence of rescaled surfaces 
■ Denote the corresponding second fundamental form by A^. Let gk and g'^ be the 
induced metric on and respectively. By rescaling properties, we have gk = rf.g'i^, A^ = r|A^ 
and Vgi^Ak = r|Vg^A'^. It follows easily that 

(4.35) lA'fclg^ = rk\Ak\g^ < rfc|Afc(yfc)|gfc = 1. 

and 


(4.36) 

Moreover, we have 

(4.37) 


-^k\\L^,g'f. — II AfcllLZ^gj, 


(4-38) ||Vg^A'fc||i2,g^ =rk\\Vg^^Ak\\L2,g^. 

One can verify that the sequence of rescaled surfaces satisfies all the requirements of Theo¬ 
rem |421 (The local volume bound follows from Simon’s inequality (1.3) in |27].l Then it follows 
that there exists a subsequence of the surfaces, which we still denote by S(,, such that S), converges 
locally to a complete surface Sq weakly in and strongly in C^’". 

Now let Aq and go denote the second fundamental form and induced metric of the limit surface 
So respectively. It follows from (|4.35l) and (I4.36P that 


(4-39) ||Ao||co,go = rk\Ak{yk)\g^ = 1- 

k^oo 

and 

(4.40) iSolgo = lim = -Foo. 

K —>-00 

Moreover, by (|4.37l) and (I4.38p . we have 


(4-41) ||Ao||i2^gg = ^li^ WAkWi^^g^ < B 

and 


(4-42) ||VgoAo||L 2 ^gg = lim rk\\Vg^Akh^^g^ < lim ruB = 0. 

rC—rOO r\i —rOO 

Note that by Kato’s inequality, we have 

|Vgp|Ao|gol < l^soAolgo’ 

which together with (I4.42p yields 



|Vgo|Ao|gol dygQ < 


1^30 Aq 11^2 


= 0 . 


Thus we find Vgo|Ao|gQ = 0 a.e. on Sq, which implies that |Ao|go is constant on Sq. 
from ()4.39p that |Ao|go = 1. However, this together with ()4.40p would imply 


It follows 


Ao||L 2 ^go 


^olgo ~ + 00 , 


□ 


which is impossible in view of (I4.4ip . 
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Remark 4.9. Obviously, using Theorem \4-Sl we can replace the requirement of upper bound on 
||A||i;,oo with a lower bound on the volume of the surfaces, then the compactness results in Theo¬ 
rem 


4.6 and Theorem 4-^ still holds. 


5. Short Time Existence of SMCF 


5.1. The perturbed flow. For the moment we consider the general n dimensional SMCF in 
To obtain a local solution to the SMCF we will consider the perturbed SMCF (11.81) 


(5.1) 


OF 

— = JH + eH, 
ot 

m-) =^ 0 , 


where e > 0 is a positive number. The idea is to solve the perturbed SMCF (jl. 8 p and approach 
the original SMCF (jl.7l) by letting e go to zero. 

Similar to the argument in Section 12.21 it is easy to check that the system (15.Ih is a degenerate 
parabolic system. The degeneracy of the equation is caused by the diffeomorphism group of the 
underlying manifold, just as in the case of mean curvature flow(MCF). It is well-know that by 
applying the DeTurk’s trick, one can prove the short time existence of a solution to the MCF. Here 
we follow the same trick to show the existence of a local solution of the perturbed SMCF (II. 8 h . 


Lemma 5.1. For each e > 0, the Cauchy problem \1.3i) admits a unique smooth solution on the 
time interval [0,T£) for some T^ > 0. 

Proof. Similar to the arguments in Section YI?2[ especially following (|2.2p . we see that, if we set 
Pe{F) = JH -|- eH = JAy:F + eA^F, then the principal symbol of Pe is: 

a{D{P,))ix,OG = \e{JG^+eG^)- 

Therefore, we have: 

{a{D{PMx,0G,G) = (|C|'(JG^ + eG^),G) = (^JG^ + eG^,G^) = e\^\‘^\G^\^. 

This shows that for each fixed e > 0, the operator P^ is an elliptic operator module tangential 
diffeomorphisms of the submanifold S. Applying De Turck’s trick and standard parabolic theory 
(see for example chapter 15 of [29]), we know that for each smooth initial data, the Cauchy problem 
(j5.1l) admits a unique smooth local solution. □ 


5.2. Evolution equations. In this subsection, we will calculate the evolution equation of various 
geometric quantities for the perturbed SMCF (II. 8 p . Since calculations are standard as in the case 
of MCF, we only provide sketches here. Note that Lemma 12.31 is crucial in the calculations since 
we can always commute the normal connection V and the complex structure J. 

Choose a local field of orthonormal frames ei,-- - , e„, t'ri+i, r '„+2 of along such that 

Cl, • • • ,en are tangent vectors of and are in the normal bundle over From now 

on, we will agree on the following index ranges: 

1 < L j, ^ n + 1 < a, /3 ,7 < n + 2, 1 < A, B,C < n 2. 

We also assume that the frame is chosen so that J^n +2 = —t'n+i- It is not hard 

to check that, we can always choose the normal frame {i'n+ii^n+ 2 } so that = 0, i.e., 

VtVa = 0 . 

Using the frame, we denote 

V = JH + eH = U“e„, 






Yn+2 




so that 
(5.2) 
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Lemma 5.2. Denote g = (gij) the induced metric on S. Then along the perturbed SMCF M.^) . 
we have 

( 5 . 3 ) -^gij = -2{JH,A{ei,ej)) - 2e {H, A{ei,ej)) . 

As a consequence, we have 

( 5 . 4 ) ^^dpL =-e\H\^dpL, 
where dp, is the induced volume form on S. 

Proof. We prove it pointwise so that we can take normal coordinate around a point x G S. The 
induced metric is given by 

_ /dF dF\ 

\ dxi ’ dxj / ' 

Therefore, 

d _ / d dF dF\ / dF d dF\ 

dt^^^ \dxi dt ’ dxj / \dxi' dxj dt / 

= = -2(JH, A(ei,ej)) - 2e (H, A(ei, ej)) . 

Denoting dp the induced volume form on S, then it is known that 

■^^dp = -g’^^-gkidp = {- - e {ll,U))dp = -e\ll\^dp. 

□ 


Lemma 5.3. Along the perturbed SMCF the second fundamental form satisfies 

® eAfc"+i - - 4 '*^ 


dt^ 


(5.5) 

and 


tj 'i '3 '' mk kj mj / ' mk \ mk ij ki mj) 

+^hiKhp' - Kt%) - (/ilftf, - hlh^) 

-AKKP - KtVp - 


— fc”+2 

dt^ 


£A/.”+= + A/.5+‘ + - hlAj) 

+^A(KiKF - KtK) - I'tt'Fr.Ai - - I'tAi) 

(5.6) -hlKpp - hlPhl,) - rf/4+2/if^. 

In particular, if we denote (JA)^ = J(/i”^^r'n+i +/i”+^r'n+ 2 ) = -h^^^r'n+i + 1 /^+ 2 , then i5.5\) 

and (EJ) can be written as 

(5.7) ^ 


dt 


A = eAA + JAA + A * A * A. 


Proof. Prom Lemma 8.3 of [T], we see that 

d 


-ftj+i = -y”+i + V^hl+n% + /if, (e^, Vve„+i) , 
= -C”+" + Vl>hl+'‘h^, + /if, (es, Vve„+2> - 
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and 



By our choice of the normal frame, the last terms will disappear in the above two identities. 
Remember the following commutation formula (see for example Page 332 of [32]) 


Ahf, = H% + - hl,hl) + ICdKA - 




mj 


mk kj 


mj ^ik 


mk ij> 


‘'ikV'ij'Hk 



Using these formulas and ()5.2p . by direct computation, we can finally obtain (15.5p and (15.6p . 
Furthermore, since 

(JAA),j = -Ahl+^l^n+l + ^hf^Un+2, 

(15.71) follows easily from (|5.5p and (15.6p . □ 


Lemma 5.4. Along the perturbed SMCF il.8\) . we have 

(5.8) ^\A\^ = eA| Ap - 2e|VAP + 2 (JAA, A) + A* A* A* A. 
at 

In particular, we have 

(5.9) ^ [\A\‘^dfi<-2e [ \VA\'^dp-€ [ \H\‘^\A\'^dn + C{n) [ \A\^dp. 

dt Jy, Jt. Jt. Jt. 

Proof. From (15.31) . we see that ■§igij = A * A, which implies that ^5*-^ = A * A. Therefore, using 
(EID, we compute: 


||A|= = |(9-Vft5/«S)=A*A.A.A + 2(A4A) 

= 2e (A, AA) + 2 (JAA, A) + A * A * A * A 
= eA| A|2 - 2e|VAp + 2 (JAA, A) + A*A*A*A. 
Furthermore, from (15.8p and (15.4p . we have 


fL 

dt 



ApJ/i 


L 

L 


(eA| A|2 - 2e|VA|2 + 2 (JAA, A)+A*A*A*A - e|H|2|A|2) dpi 
(-2e|VA|^ - 2 (JVA, VA) + A*A*A*A - e|Hp|A|^) dp. 
(-2e|VA|2 + A*A*A*A - e|Hp|A|2) dp 


JT. 

< -2e f |VA|2j/i-e f |H|2|Aj^J/r + ^(n) f \A\Up. 

kJ t/ y ) K/ y ) 

Here, we have used Lemma 12.31 integration by parts and the fact that the complex structure J is 
anti-symmetric. □ 


In order to get the evolution equation for the covariant derivatives of the second fundamental 
form, we recall the following commutation formulas (see Lemma 3.2 of |14jL 

Lemma 5.5. Suppose gt is a family of metric on S satisfying ^ = h. Let A and V be the 
Laplacian and connection induced by gt- Then for any tensor S on S, we have 

(5.10) ys-V-S = S*Vh, 


(5.11) V{AS)-AiVS) = VRm*S + Rm*VS. 

Here Rm is the curvature tensor on S. 

From (15.3p . (15.7p . and using Gauss equation, we can prove by induction that 
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Lemma 5.6. Along the perturbed SMCF we have for any integer I > 0, 

(5.12) = eAV'A + JAVU + ^ VM * A * 

As a consequence, we have 
d 


VU|2 < eA|V'A|^-2e|V'+M|^ + (JAV'A,V'A 


7l A\2 


dt 


l+l A\2 


ll A V 7 ^ 


(5.13) +c{n,l) |V*A| • |V^A| • IV'^AI • |VU|, 

i+j-\-k=l 

where c{n,l) is a constant depending on n and 1. 

Proof. By (15.3p . we see that /i = ^ = A * A, so that V/i = VA * A. Inductively applying (I5.10p . 
we get that 

d 


d u 

—V'A = V—V'"^A +V‘""A* VA* A 


i-i 


dt 


dt 


d. 


= V (^V^V^-^A + V‘“^A * VA * Aj + V‘""A * VA * A 

(9 

= V^—V'"^A + V'"^A * VA * A + V'"^A * V^A * A + V'"^A * VA * VA 

dt 


jl —2 


jl-l 


v'—A+ V V*A*VJA*V*^A 

dt . ^ , 

eV'AA + JV'AA + Y * V^A * V'^A. 


i-^j-^k=l 

Here in the last equality, we have used (15.71) and Lemma 

Next, note that by Gauss equation, the curvature tensor Rm on S can be expressed as Rm = 
A * A, so that VRm = VA * A. Then inductively applying (15.lip , we get that 

V^AA = V^"^ (AVA +VA* A* A) 

= V'“2 (AV^A + VA * VA * a + V^A * A * A) + Y A * V^’A * V'^A 

i-\-j-\-k=l 

= Y V*A*V^'A*V^A 

i-\-j-\-k=l 

= AV'A + Y A * V^'A * V'^A. 

i-\-j-\-k=l 

Combining the above two equalities together gives us p5.12p . Then p5.13p follows easily. 

In particular, using Lemma 15.21 and Lemma 15.61 we can easily see that 
Lemma 5.7. Along the perturbed SMCF il.8\) . we have 


□ 


(5.14) 


^ [ \VAfdyL<c{n,l) Y f |VM| • |V^A| • |V^A| • |V'A|d/r. 
dt Jy: ., 


i-\-j-\-k=l 


Next, let’s recall the following interpolation inequality proved by Hamilton m, Section 12) 

24 











Lemma 5.8. If T is any tensor and if 1 < i < I — 1, then with a constant C = C{n,l) depending 
only on n = dimTi and I, which is independent of the metric g and the connection F, we have the 
estimate 


|V*r|T(i/i < Cmax|r|2(i-i) [ 


Finally, by using ()5.14l) and Lemma 15.81 in the same way as in Section 7 of [16], we can obtain 
that 


Lemma 5.9. Along the perturbed SMCF we have 

(5.15) ^ < c(n,/) max 1^1^ [ \'V^A\‘^dfi. 

dt ^ Jt, 

5.3. Proof of the main theorem. Now we come back to the case of two dimensional SMCF in 
and finish the proof of local existence of SMCF. 


Proof of Theorem \l.l[ By Lemma l5.1[ we know that for each e > 0, there exists a positive time 
Tg > 0 and a smooth solution to (15.ip on the time interval [0,T£). For convenience, we denote 
the second fundamental form of F^ at time t by Ae(t). 

For any 0 < e < 1/4, define a time T/ < by 

:= inf{t S [0,Te) : ||Ae(t)||j^ 2,2 = 2||Ao||j^ 2 , 2 }. 

Obviously, we have T/ > 0 and by definition for each e and t G [0, T/), we have 

ll-^e(0ll//2,2 < 2 ||Ao||//2,2 := B. 

Moreover, from Lemma 15.21 we know that the volume of 'F^{t) := F^{t,Ti) satisfies 

\il,\^dfie > -2e\\A,{t)\\l2 > -\b\ 

Thus for a fixed time T\ := |So|/il^, we have uniform bounds of the volume on [0, Ti] given by 
(5.16) |Eo| > |S,(f)| > |Eo| - = ^ := m. 

Therefore, applying Theorem 14.81 we obtain a uniform bound of the second fundamental form 


we have 


(5.17) \\As{t)\\co < C{B,m) 

on the time interval [0,T/] n [0,Ti]. It follows from Lemma 15.91 and (15.171) that for any 0 < / < A:, 

\V^A,{t)\‘^dn < c{2,l)C{B,mf [ \V^A,{t)\‘^dn. 

7Se(i) 

where c(2, 1) is the constant given by Lemma [5. 9 1 Consequently, by Gronwall’s inequality, we obtain 

(5.18) l|Ae(t)||H *.2 < 
where c/ := max{c( 2 , 0 ), • • • , c( 2 , /)} only depends on 1. 


A 

dt 


'Se(i) 




Now if T/ < Ti, then by letting t —)• T/ in (I5.18p . we find 

2||A(0)||j^2.2 < 


It follows that 

, log 2 

^ “ C2C{B,my ' 

Thus we get a uniform lower bound for given by Tq := min{Ti, T 2 }, which is decided by || Ao||// 2,2 
and |So|. 
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Next we restrict ourselves on the time span [0, Tq]. For any e G (0,1/4), we have uniform bounds 
of the volume |S£(t)| by (15.161) and the C^-norm of A^{t) by (I5.17p . Moreover, if Fq G C°° and 
hence Aq G C°°, we have uniform bounds on Ff^’^-norm of Ag{t) for any / > 0 by (j5.18l) . Then 
Lemma 15.81 yields 


IV' 


'^A,{t)\Pdfi<C{k,p), 


Se(t) 


for all A: > 0 and p > 0. Then applying a version of Michael-Simon inequality (see, for example. 
Theorem 5.6 of [2Q]), we obtain that 


(5.19) 


AS)\\c>^<C{k), 


for any k > 0. 

It follows by (|5.19l) and standard arguments (cf. [20], Section 4) that in every local charts, we 
have 

||5'^F,(t)||oo, \\d^dtFe{t)\\^<C{k,Fo), 

for any k > 0, where d is the partial derivatives in the local charts. Then by Arzela-Ascoli Theorem, 
we conclude that there is a sub-sequence Fg. converging smoothly to a limit F^o G C'^dO, Tq] x S) 
for some sequence e, with limj^oo —>■ 0. 

Finally, by taking e* —)■ 0 in (|5.1I) . it easy to verity that Fqo is a smooth solution to the SMCF 

(HZI). □ 
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